In this paper we give a sufficient condition for a punctured topological 4-manifold to have uncountably many differentiable structures.
We also formulate a conjecture about a generalization of Casson's invariant and Rochlin's invariant, which would imply existence of uncountably many differentiable structures on a punctured topological 4-manifold with nontrivial KirbySiebenmann obstruction.
Introduction and statement of result
Let M be a simply connected closed topological 4-manifold and p E M a point of M. Quinn showed that M-p is always smoothable [7, 11] . Then we have a natural question.
Question. How many differentiable structures are there on M -p?
As for this question we have the following conjecture.
Conjecture 1.1. There exists a family of uncountably many distinct differentiable structures on M -p.
It is well known that there is a family of uncountably many exotic differentiable structures on R4 = S4 -pt by Gompf [S] and Taubes [13] . This is a consequence of two independent results: one is topological and due to Freedman's or Quinn's observation [12] about the differentiable structure on the end of R4 and the other is analytical and due to Donaldson's theorem A on smooth closed definite 4-manifold [2] and Taubes' end-periodic version of Donaldson's theorem [13] . In Section 3 we show that a similar argument shows: For example, S3 X R( = S4 -((0) U {m)>) has uncountably many distinct exotic differentiable structures. Earlier Freedman proved in [5] that there is at least one exotic differentiable structure on S" x R. Utilizing an end-periodic version of Donaldson's theorems B and C [lo] we show in Section 3 that Conjecture 1.1 is true for many simply connected closed topological 4-manifolds. (1) The Kirby-Siebenmann obstruction ks(M) of M is nonzero, and the intersection form of M is of odd type and indefinite.
(2) The Kirby-Siebenmann obstruction ks(M) of M is nonzero, and the intersection form of M is of odd type and definite and diagonalizable ouer Z.
In the exceptional two cases (1) and (2) the intersection form is equivalent to n(1) @ m( -1) for some positive integers n, m and to n(1) or n(-1) for some positive integer n over Z respectively.
After recalling Freedman's classification theorem in Section 2, we prove Theorem 1. 4 [9] . The authors wish to thank Gompf for letting them know his result, and the referee for some expressions.
Preliminaries
First of all we recall Freedman's classification theorem on simply connected closed topological 4-manifolds [6] . We denote the Kirby-Siebenmann obstruction by ks E Z/22. We have the following cases. (1) The form is definite.
(i) The form is nondiagonalizable. (ii) The form is diagonalizable.
(2) The form is indefinite.
The classification theorem implies that in case (I) the manifold is determined by the intersection form and in case (II) the manifold is determined by the intersection form and ks. Definition 2.1. Let 9 be the equivalence class of unimodular quadratic forms over Z which are prohibited from being the intersection forms of smooth closed 4-manifolds by Donaldson's theorems A [2] , B and C [3] .
Precisely 9 consists of nondiagonalizable definite forms and nonhyperbolic even forms with rank of maximal positive or negative sublattice less than three. For example when we denote by E, the positive definite even unimodular form with rank 8, then nE,, nE, @ H and nE, @ 2H ~9 where H = ($ and IE E 2 -0.
We refer the reader to [13, 14] for the definition of an end-periodic 4-manifold. 
:(M-p)-K+N#(M-p)-(N#K).
Here Since any even unimodular indefinite quadratic form over integers is equivalent to mE, @ nH, we get the following corollary by applying Proposition 3.5 to the case M = mE, and N = n(S* X S'). 
Proposition 3.7. Let M be any closed topological 4-manifold (not necessary, simply connected). Then M -(two points) has uncountably many distinct differentiable structures.
Proof. Let p EM be any point. Then M-p is smooth. We consider the two-points punctured 4-manifold (M -p)#9 where 9 is ban exotic R4. Then an argument similar to the proof of Proposition 3.3 shows that there exist compact subsets K c 2E, -pt, L ~9%' and a proper diffeomorphism
$:(2E,-pt) -K+(M-p)#9-((M-p)#L).
The rest of the argument is routine. So we omit it. 0
Similarly we can show that M -S has uncountably many distinct differentiable structures for a finite subset S which has at least two points as well.
Casson invariant and Rochlin invariant for homology S' X S3
In this section we shall define two invariants for a class of Z-homology S' X S".
One is an analogue of Casson's invariant for Z-homology 3-spheres and the other is that of Rochlin's invariant. We shall present a conjecture on a relation between them. Assuming this conjecture, we can show that for any closed topological 4-manifold M with ks(M) # 0 the one-point punctured manifold M -pt has uncountably many distinct differentiable structures. Namely we could conclude that Conjecture 1.1 is always true.
Casson's incariant
First let X be a closed smooth 4-manifold which has the Z-homology of S' x S". Let 2 be the Z-fold covering of X. We assume that 2 has the same homology as S". For example if X is a product of a homology 3-sphere and a circle, then this condition is satisfied. Let P --) X be a principal SU(2) bundle with c,(P) = k, AY~(X> the moduli space of anti-self-dual connections on P and dk*(X) the moduli space of irreducible anti-self-dual connections on P. The virtual dimension of Ak*(X) is 8k. We consider the case k = 0. Then k",(X) is the moduli space of flat connections on trivial bundle P and M"*(X) is the moduli space of irreducible flat connections. These spaces are identified with Hom(r ,(X1, SU (2))/conjugate and Hom(r,(X), SU(2))'"/conjugate. First we show that J&',;(X) is compact. As r,(X) is finitely generated, the above identification implies that M"(X) is compact, so what we have to show is that the subspace which consists of reducible flat connections is a connected component of .&Y"(X). The moduli space of reducible flat connections is identified with SU(2)/conjugate = [ -2, 21 by using trace of a holonomy map for a closed path corresponding to a generator of H,(X, 2). Let A be a reducible flat connection on X and ad(A) the local system associated to A with fibre su(2). The Zariski tangent space of &',,(X> is identified with H'(X, ad(A)). To calculate this cohomology group we consider a fibration X + K(Z, 1) = S' which corresponds to a generator of H'(X, Z>. The homotopy fibre of this fibration is 2. As we assumed that J? has the same homology as S", the Serre spectral sequence which converges to H "(X, Z) implies that the Serre local system associated to this fibration is simple. The local system ad(A) is a pull back of a local system R EJ L on S', where R is a constant sheaf and L is a flat complex line bundle on S'. The &-term of the Serre spectral sequence which converges to H *(X, ad(A)) is
H"(S', H4(& R) @(R@L)) =HP(S', R) @HH"(k, R) @HP@', L) @H@, R).
The spectral sequence collapses and we obtain As the next step, following Taubes [14] , one perturbs the anti-self-dual equation to define &a*(X) so that the moduli space of the solutions of the perturbed equation consists of finitely many points. The set of the solutions is oriented [4] . In the above formulation we started from X. We can start from X as well. Let X be an oriented 4-manifold with the same homology as S3 and with an tion preserving Z-action such that the quotient space X is compact. A sequence implies that X has the homology of S' x S3.
We define the Casson invariant h(X) by the following. Suppose X is a closed 4-manifold X which has the Z-homology of S' X S" and its Z-fold covering X has the Z-homology of S3. By considering a generator of H'(X; Z) z Z, we have a continuous map from X to S' = K(Z, 1). Let r be a smooth approximation of this map. Using the smooth map r and a universal covering R + S', we have the following commutative diagram. The usual Rochlin invariant p.(x) for a Z-homology 3-sphere C is given by i sign(W) (mod 2) for a spin 4-manifold W whose boundary is 2. If we take S' x 2 for X and the projection onto S' for r, then the above definition agrees to the original definition.
X-R
We must check the well-definedness of Rochlin invariant ii. Take Starting from X instead of X, we can define the Rochlin invariant ~(2) as in the previous subsection.
Relation and exotic structures
It is well known that the usual Rochlin invariant for integral homology 3-sphere is equal to the Casson invariant mod 2 [Il. We present the following conjecture on the relation between our Casson invariant h and Rochlin invariant p for a 4-manifold with the homology of S' x S". Coqjecture 4.5. Let X be a smooth closed 4-manifold with the homology of S' x S". Suppose the Z-fold covering of X has the same homology as S'. Then A(X) = z(X) (mod 2).
